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Abstract 

We extend the results of Schapira and Schneiders [14] on relative reg- 
ularity and finiteness of elliptic pairs to the framework of ^[[ft]]-modules 
and R-constructible sheaves of C[[ft]]-modules. We also construct a rela- 
tive duality morphism for elliptic pairs in the smooth case and we prove 
that it is an isomorphism if the elliptic pair satisfies the finiteness criteria. 



Introduction 

The notion of elliptic pair goes back to [T3], where the authors consider a mor- 
phism of complex analytic manifolds / : X — > Y and say that a coherent 
f^-module ^# and an M-constructible sheaf F form an /-elliptic pair if the 
/-characteristic variety of ^# and the micro-support of F do not intersect out- 
side the zero-section of the cotangent bundle T*X . The /-characteristic variety 
of a coherent i^x-module is a closed conic analytic subvariety of the cotangent 
bundle T*X, which depends on /. In particular, the /-characteristic variety 
coincides with the classical characteristic variety when / is the constant map 
A^{pt}. 

If X is the complexification of a real analytic manifold M and if ^ is an 
elliptic system on M, then (.-#, C&f) forms an elliptic pair. Therefore, elliptic 
pairs can be regarded as a generalization of elliptic systems. The functorial 
properties of /-elliptic pairs are studied in detail in [14], where the authors 
prove theorems of regularity, finiteness and duality for these objects. As the au- 
thors point out, such theorems generalize several classical results of f^x-niodule 
theory, complex analytic geometry and elliptic systems theory. 

The main purpose of this paper is to extend the notions and main results 
of [14] to the framework of modules over the ring Six the ring of differential 
operators with a formal parameter h. This ring appeared first in [8] where the 
authors deal with deformation-quantization modules over complex manifolds. 
The study of @x [[fi]]-modules was then developed in [1] and [10]. Consider the 
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graduate functor gr h that maps each F in the derived category of sheaves of 

L 

C[[ft]]-modules to gT h (F) := F® Cx rr fi ii Cx , which one regards as an object of the 
derived category of sheaves of C-modules. 

In this work we introduce the notion of /-elliptic pair over C[[ft]] in a natural 
way, such that, if is a coherent @x [ [ft]] -module and F is an R-constructible 
sheaf of C[[ft]]-modules, then ', F) is an /-elliptic pair over C[[h]] if and only 
if (gr R (./#), gr h (F)) is an elliptic pair in the sense of [14]. With this definition, 
we are able to prove theorems of regularity, finiteness and duality for /-elliptic 
pairs over C h by reducing the proofs to the results of loc. cit. 

Let us explain with more detail our main results. 

In Theorems 13.11 and 13.71 we prove regularity properties for /-elliptic pairs 
over C[[ft]]. These regularity theorems generalize a classical regularity property 
of elliptic systems in the real analytic setting: the complex of real analytic 
solutions of an elliptic system coincides with the complex of hyperfunctions 
solutions. 

The proper direct image functor f f in the framework of i2?x[[ft]]-modules 
is introduced in [TU]. Using such functor and also the regularity theorem, we 
are able to prove the finiteness theorem (Theorem 13. 9p . The statement is the 
following: given an /-elliptic pair (^#, F), such that / is proper when restricted 
to supp(^#) fl supp(F) and such that J£ is good, then the cohomologies of the 

L 

direct image /, h {^®@ x \[h]}^) are coherent over f^[[ft]]. 

The duality theorem relates the direct image functor with the duality func- 
tor, denoted by D RX , in the Q>x [[ft]] -modules framework. However, to obtain 
such relation we need to restrict ourselves to the smooth case (which, even so, 
enable us to treat the case of a constant map). Indeed, two fundamental prop- 
erties hold if / is a smooth morphism: firstly, the transfer module used in the 
ft-setting is coherent over @ x ; secondly, the extension rings / _1 (^x[[ft]]) and 
(f -1 &x)[[K\] are isomorphic. More precisely, we prove that if / is smooth, then 
it is possible to construct a morphism 

4 h (V' h Fk Jxm R K x^) "> R K rLJ^ xm F). (*) 

Moreover, if (^#, F) is an /-elliptic pair over C[[ft]] in the conditions of the 
finiteness theorem, then (*) is an isomorphism of complexes of 3>y[ [ft]] -modules 
with coherent cohomologies (cf. Theorem 13. 20[) . 

In the last section, we study particular cases of the main theorems. Namely, 
we obtain finiteness and duality results for the complex of global solutions of a 
coherent &x[[ ft]] -module and also a refinement in the holonomic case (cf. Propo- 
sition |4T2]). We also state finiteness and duality theorems for ^--modules and 
discuss those theorems in view of our results. Finally, in the case where X is the 
complexification of a real analytic manifold M, we obtain regularity, finiteness 
and duality properties concerning the sheaves of formal analytic functions and 
formal hyperfunctions. 
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Notations and conventions 

In what concerns the language of categories and sheaves, we follow the notations 
of [5J. Namely, if 3% is a sheaf of rings on a topological space, we denote by 
Mod(<5?) the category of left ^-modules and by D*(&) the derived category 
D*(Mod(^)) (* = +,-,b). If 3$ is coherent, we denote by Mod co h(^) the 
full abelian subcategory of Mod(^) of coherent objects and by Dj? oh (^) the full 
triangulated subcategory of D h (3?) of objects with coherent cohomology groups. 

We denote by {pt} the zero-dimensional manifold consisting of a point and 
by ax ■ X — > {pt} the constant map. If R is a noetherian ring, identified to a 
sheaf of rings over {pt}, we write D b (i?) instead of D b oh (i?). 

In the sequel, when the base ring is C we may omit it. Namely, we shall write 
F®G and RJfom (F, G) instead of F® c G and RJfom c (F, G), respectively. 

We denote by C h the ring C[[fi]] of formal power series with complex coeffi- 
cients and by C h ' loc the field C((fi)) of Laurent series with complex coefficients. 

1 Preliminaries 

In this section X denotes a topological space, 3$q denotes a sheaf of Cx-algebras 
on X and we set 3t := 3$ [[h]\ = U n > M h n . 

Formal extensions. Consider the functor 

( • f : Mod(^o) -> Mod(^) (1.1) 
jV -> JV n := jT[[h]] = ljmpr <% o M/h n+1 %). 

For an open subset U C X, a section / G T(U ; jY ) can be regarded as a formal 
power series / = J2n>o fn^ n with each /„ G T(U; JV). The functor ( • ) h is left 
exact and one denotes by ( • ) Rh its right derived functor: 

(.) Rfi : D b (^ ) -> D b (^). (1.2) 

For each F G D b (^o) ; F Rh is called the formal extension of F. 

From now on let us assume that is an fir-acyclic C^-algebra, that is, 

at = a% M Kh . 

Proposition 1.1 QT|, Proposition 2.1). For JV G D b (^ ) one has y^ Rh ~ 
RJfom^ {3Z Xoc /hM,Jf), where g$ Xoc /hM is regarded as an {3$ ,M)-Umodule. 
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Proposition 1.2 ( 1 , Proposition 2.5). Let Jt £ Mod(^ ) 

and suppose that B 

is either a basis of open subsets of X or, assuming that X is a locally compact 
topological space, a basis of compact subsets, such that H^{S;^) = for all 
j > and all S £ B. Then, JZ is ( • ) h -acyclic, that is, ~ jM r% . 

Lemma 1.3. Let f : X — > Y be a morphism of topological spaces and assume 
that {f~ 1 ^ ) h ~ f^ 1 ^- Then, for each F £ D h (f~ 1 Mo), we have a canonical 
morphism in D h (&): 

Rf(F Rh ) -> Rfi{F) Rh . 

Proof. By Proposition 1 1.11 and using (2.6.26) of [6], we get the following chain 
of morphisms in D h (3£): 

Rf,(F Rh ) ~ Rf^am f ^ a {f-\M loc jm\F) 

-»■ Rjrom^ o (R/*/-^ lo 7^),W) 
-> RM'om^ (M loc /hM, RfF) 
~ {Rf]F) KH . 

□ 



Graded modules. Consider also the right exact functor below: 

Mod(^) -)• Mod(^ ), J( -4 JtjhJt. 
One denotes by gr fi its left derived functor which assigns each ..^ G D(^) to 

L 

gr ft (^#) = ^®a#MQ £ D(&q) . One calls gr R (^#) the ft-graded object associated 
to j# . 

Recall that gr s commutes with tensor products, with RJfom and also with 
direct images, proper direct images and inverse images of sheaves. 



Cohomologically complete sheaves. One says that jtft £ D h (&) has no 
fi,-torsion if h : ^# — > *M is injective and j& is ^-complete if the canonical 
morphism ^# — > lim^ is an isomorphism. 

Set M loc := C^ loc c r The counterpart of ^.-complete modules in the 
derived category is the notion of cohomologically complete object: Ji £ 
is cohomologically complete if Rfflom, m {2i Xoc , ^f) = 0. 

The notions of ^.-complete object and cohomologically complete object don't 
depend on the base ring. Hence, if J( £ D(&), then .# is cohomologically 
complete if and only if it is cohomologically complete as an object in D(C^) . 
We refer to [Hj for a detailed exposition on cohomologically complete objects. 

We need the following results. 

Proposition 1.4 ([S], Corollary 1.5.9). The functor gr h is conservative on 
the triangulated subcategory of D h (&) consisting of cohomologically complete 
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objects, that is, a morphism ^ — > JV between cohomologically complete objects 
in D h (&) is an isomorphism if and only if gr h (^) — > gY h {,yV) is an isomorphism 
in D b (^ ). 

Proposition 1.5 ([8_, Proposition 1.5.10). Assume that ,yV £ D(if) is coho- 
mologically complete. Then, KJ^fom , JV) is cohomologically complete for 
any J( £ D [M) . 

Proposition 1.6 ([5], Proposition 1.5.12). Let f : X — J> Y be a morphism of 
topological spaces and ^# £ D b (^) . If j% is cohomologically complete, then so 

Proposition 1.7 ([10], Proposition 1.14). Let f : X — > Y be a morphism of 
topological spaces. Assume that F 6 D b (Cy) is non- characteristic for f and 
cohomologically complete. Then, f~ 1 F is also cohomologically complete. 

Proposition 1.8 ( T], Proposition 2.2). For any JV £ D b (<% ), jV Rh is coho- 
mologically complete. 

Lemma 1.9 ([I], Lemma 2.3). Assume that is an JV -algebra for J5^o a 
commutative sheaf of rings, and let 5? = S^q. For «/#, JV £ D b (^o) we have 
an isomorphism in D h (JV) 

RjTom^ o (^#, JV) Rh ~ K&om ^{JH , JV Kh ). 

Remark 1.10. Given a morphism of topological spaces / : X — > Y and 2%q 
being an ( • ) -acyclic C r '-algebra on Y, then there is a canonical morphism of 
sheaves of C^-algebras f~ x £% = f^ 1 ^ — > {f^ x S^o) h induced by the morphisms 

f- 1 ^ -> / -1 (« ®c^/h n+1 c^) ~ r 1 M Q ®<c h x /h n+1 c h x , 

and by the universal property of projective limits. Hence, there is a canonical 
functor F £ Mod((f- 1 ^ ) n ) ^ F £ Mod^" 1 ^)). 

Assumption 1.11. In the next proposition we consider a morphism of complex 
manifolds / : X — > Y and an ( • ) s -acyclic ring of C-algebras on Y denoted by 
Mq. We asume that the following cohomological property holds: there exists 
cither a basis B of open subsets of Y, or, if Y is a locally compact topological 
space, a basis B of compact subsets, such that W{S;Mq) = for all j > and 
all S £ B. 

Proposition 1.12. Suppose that f : X — > Y is a smooth morphism of com- 
plex manifolds and 3$q an ( • ) h -acyclic ring of C-algebras on Y that verifies 
Assumvtion \l.ll\ Then we have an isomorphism of sheaves of rings f" 1 ^ 

(f-^oY 1 - 

Proof. Consider the canonical morphism of Remark 11.101 Note that the corre- 
sponding canonical morphism gr s (/~ 1 ^ 1 ) — > gr fi ((/~ 1 ^'o)' i ) is an isomorphism, 
since one has gr fi (/ -1 ^') ~ g^n{{f~ 1 ^o) h ) — f^&o- Hence, in view of Propo- 
sition [I~4l it suffices to show that both f~ x Si and (f~ 1 ^n) h are cohomologically 
complete objects. 
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The ring M ~ Mq is cohomologically complete and it is also non-characteristic 
for /, since / is smooth. Hence, is cohomologically complete by Proposi- 

tion o 

We shall use Proposition ll .2l to prove that {f~ 1 &o) h is isomorphic to (/~ 1 ^ , o) RJ 
thus cohomologically complete by Proposition II .81 

The result is now checked locally, so we can assume that X = X' x Y and 
that / : X — > Y is the canonical projection. 

Let us consider the case where B is a basis of open subsets of Y. It is 
enough to show that there exists a basis B' of open subsets of X' x Y such that 
Hi{S\ f-^o) = for all j > and all S' G B' . 

Consider the basis B 1 formed by the open sets V x V C X 1 x Y such that V 
is an open ball of X 1 (hence, contractible) and V <E B. We are in the conditions 
to apply [6j Proposition 2.7.8]. Hence, for any j > one has: 

W(V x VJ- 1 ^) - Hi(f^ xv (V)J^] xv <%o\v) - Hi(V,<%o\v) = 0. 

The case where B is a basis of compact subsets of X is similar, taking closed 
balls on X 1 instead of open balls. □ 

2 Elliptic pairs over 

2.1 Review and complements on M-constructible sheaves 
of C r '-modules 

Let X denote a real analytic manifold of dimension r. For F € D b (C^), one 
denotes by SS(-F) the micro-support of F, which is a closed involutive subset of 
the cotangent bundle T*X. For any F G D b (C|), one has SS(gr R (F)) C SS(F). 
Moreover, if F is cohomologically complete, then the equality SS(gr^(F)) = 
SS(-F) holds (cf. p] Proposition 1.15]), thus, one also has supp(F) = supp(gr R (_F)). 

The graded functor on K-constructible sheaves. For a commutative 
Noetherian unital ring K of finite global dimension, one denotes by Dg_ c (Kx) 
the bounded derived category of sheaves of K-modules with R-constructible 
cohomology. See [B] for the general theory of constructible sheaves. 

Let us denote by oj\ the dualizing sheaf in the category D b (Kx) (cf [6l 
Def.3.3.3]). Since every real manifold is oriented, one has uj\ ~ a' x K ~ Kj[r]. 

Consider the duality functors: 

T>' Kx : D h (K x ) -> D h (K x ), F ^ RJfom Kx (F, K x ) 
D Kx : D h (K x ) D h (K x ), F ^ BJfom Kx {F,u^). 

It is well-known that they induce functors D' K , Dk x : D b l _ c (Kx) — > D^_ C (K X ) 
which satisfy the microfocal relation: SS(D^F) = SS(D Kx F) = SS(F) a . 
If X = {pt} and F G D b (K{ pt }), we use instead the notation 

F* :— RHom K (F, K) ~ D' K F. 
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In the sequel, K is either C or C s . 

Proposition 2.1 ([T], Proposition 1.16). If F £ D^_ C (C X ) , then F is cohomo- 
logically complete. 

It follows from Proposition 12.11 and the study of cohomologically complete 
objects that the functor gr^ : D^_ C (C^-) — > D^_ c (Cx) is conservative and pre- 
serves the micro-support. 

The formal extension functor on R-constructible sheaves. As an appli- 
cation of Proposition ll.2l (cf. [1, Corollary 2.6]), one knows that R-constructible 
sheaves are ( • ^-acyclic. 

Proposition 2.2. Let F <E D^_ C (C X ). Then we have F Rh ~ F ®C X . 
Proof. Let 

F' :O40C^ i 4..-40C [/l ^O, 

iei a iei b 

be an almost free resolution of F in the sense of the Appendix of [7]. That 
means that F' is quasi-isomorphic to F, each family {Uk,i} keIk is locally finite 
and each open subset Uk,i of X is subanalytic and relatively compact. 
Denote by F ' ,h the complex: 

F -.ft:O_>0C* aii ->-..->0Cfr M ->O. 

ieia ieh 

Since R-constructible sheaves are /i-acyclic, we have the following chain of quasi- 
isomorphisms in D h (C x ): 

On the other hand, we have F ® C x ~ F' ® C x where we set: 
F' ®C| : -»• Ci/ ai4 <g>C| -> ► 0Q/ M ->0. 

Therefore, it is enough to note that for each open subanalytic subset U we have 
a canonical isomorphism: 

In fact, the stalks {Cfyx and (Cjj (8>C^) X are both isomorphic to C h if x S £/, 
and both vanish if x £ U. □ 

Corollary 2.3. // F e ModR_ c (Cx), i/ien i 7 ''' ® c r • is an exact functor. 

The next lemma is often used in the sequel. 
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Lemma 2.4. For F £ D{|_ c (Cx) and G £ D h (Cx), there are isomorphisms in 
D b (C x ): 

(t) RJfom c n (F Rh , G Rh ) ~ (RMbm (F, G)) Rh 
(it) F Rh ® rh G Rh ~F®G Rh . 
Proof. Applying Proposition 12.21 we get the following chain of isomorphisms: 
TUfom^ (F Rh , G Rh ) ~ RJ?om C H (F ® C x , G Rh ) 
~ RJTom(F,G Rft ). 

Then, the isomorphism (i) follows from Lemma 11.91 

The proof of (ii) is similar. □ 

Note that, as a particular case of (i), one gets D^ R F h ~ (D'F) h for any 
F £ D*_ C (C X ). 

2.2 Review and complements on ^^-modules 

From now on X denotes a complex manifold of dimension dx ■ Let ffx , and 
$>x denote the ring of holomorphic functions on X , the sheaf of holomorphic 
forms of maximal degree on X, and the ring of linear differential holomorphic 

operators on X, respectively. Set also fl x := Jffbm & [Six , @x)- 

As usual, Modgd(^x) denotes the full subcategory of Mod co h(^x) consist- 
ing of good ^x-modules (in the sense of 5 ) and D b d (f^x) denotes the full 
subcategory of D b oh (^x) consisting of objects with good cohomology. 

Recall that objects of Mod co h(<^x) and Mod co h(^x) are ^.-acyclic by Propo- 
sition 0(cf. [D Corollary 2.6]). 

An object Jt of D b oh (^) is said to be good if gr n (^#) £ D h gd {@ x )- Denote 
by D^ d (2$ x ) the full triangulated subcategory of D b oh (£F x ) consisting of good 
objects. 

We shall use the duality functors below: 

: D b ((^ x )° P ) _> D b ((^)° P ), je^Rjeom a K(Jt,flx[dx]® ffx ®%) 

B' h>x : D h ((S) x )° P ) D h ((S) x )), Jt ^ RJfom^n {JC, 9$). 

Recall that both functors x and D' h x preserve coherence. 

Remark 2.5. In the sequel, most results are stated for right i^ x -modules but we 
can also get similar results for left ^^--modules. Indeed, the category Mod(@ x ) 
of left fF x -modules and the category Mod(^ x ° p ) of right f^-modules are equiv- 
alent. To see this, we use [3 Proposition 1.10] to identify the ring 3> x ° p with 

the ring fix ®g x @x ®e x an dj on the other hand, [51 Proposition 1.9] 

gives the following equivalence of categories: 

Mod(^|) -> Mod(fix ® ex ® x ®e x 
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Hence, we don't distinguish left and right ^-modules. 

Remark 2.6. The rings & x and &° x p satisfy hypothesis (1.2.2) and (1.3.1) 
of [5]. In particular, recall that the objects of D b oh (f^-) are cohomologically 
complete cf. [SJ Theorem 1.6.1]. 

Proposition 2.7 ([Tj, Proposition 2.8). For Jf g Dj? oh (^ x ). 

(a) i/iere is an isomorphism ,yV Rh $> x ® & JY ; 

(b) i/iere is an isomorphism gr h (yy h ) ~ 

One has the analogous of Lemma 12.41 

Lemma 2.8. Let Jt g D b oh (^> x ) and ^ £ D b (^ x ) fresp. Jt g D b oh (^° p )J. 
IVe /lave the following isomorphism in D b (C^-): 

(resp. JZ Kh ® @ ^ Kh ~ -#® g)x ^ / ' Rri .j 

Lemma 2.9. Let ,yK g D h (S> x ) &e a cohomologically complete object and let 
G D b oh (^^° P ). TTien -JV is cohomologically complete. 

Proof. Since ^ is coherent, the following isomorphisms hold: 

L L 

~ Rjrom S ft(D' ftjX ^,^|)®^ t yf 

The result follows from Propositions [T75] □ 

Coherence and flatness criteria for f^-modules. The following theo- 
rems constitute particular cases of [5J Theorem 1.6.4.] and [H Theorem 1.6.6]. 

Theorem 2.10. Let ^# g D + (& x ) and assume the following conditions: 

(a) *M is cohomologically complete, 

(b) gr ft (^Q g D+^&x). 

Then, j$ g ^%>)Jj&x) and for each i g Z one has the isomorphism 
H\Jt) ^ \^mH l (@ x /h n+1 @ x k> n ^). 

n 

Theorem 2.11. Let jM be a 3> x -module and assume the following conditions: 
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(a) ^ has no h-torsion, 

(b) is cohomologically complete, 

(c) ^/h^ is a flat Six -module. 
Then ^ is a flat S> x -module. 

Direct images of f^.-modules. Let us briefly recall the functor of direct 
image for fi^-modules introduced in [10) . 

Let / : X — > Y be a morphism of complex manifolds and consider the usual 
transfer-module ^x— s>Y:=^x<8>/-i^/ -1 ^y with its structure of (S>x, !~ 1 Sy)- 
bimodule. Denote by / and /, the functors of direct image and proper direct 
image in the ^-modules framework. 

Set 

Sx^Y.n i=ym{0x ® f -i ffY f-\$i$/h n+1 @*)). 

n 

(This object was denoted by K, in |10j.) 

Since each component of the projective limit has a canonical structure of 
(^,/ _1 ^)-bimodule with fr-torsion, then @x-tY,H is also a (S\, f~ x Sl^)- 
bimodule. 

Notation 2.12. When there is no risk of confusion we shall use the following 
abbreviations: := 3>x—¥Y,h an d '■= S>x^y- 

One can also regard as a (^,/- 1 ^)-bimodule (cf. RemarkEE} and 
one has an isomorphism of bimodules: 

Moreover, as proved in jTUJ Proposition 4.5], — J^ Kh is a cohomologically 
complete object and it is free of fi,-torsion, with gr fi (jf^) ~ Jf. 

Lemma 2.13. (a) The transfer module Jffn is flat over G\. 

(b) If f is a smooth morphism, then Jt^ is a coherent left 3> x -module. 

Proof. Recall that Jff is flat over Gx-, since f~ x< 3y is a free / _1 ^y-module. 
Therefore (a) is a direct consequence of Theorem 12.111 

It is well known that J(f is a coherent left £Fx-module in the smooth case, 
thus (b) follows by Theorem l2~T0l □ 

The direct image functor in the framework of ^'-modules is the functor 
denoted by f ^ and given by: 

L,,:D b (^i) D b (^) 

L 

J# l-> Rf4^'» 3 ,nJe h ). 
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Similarly, the proper direct image functor is denoted by / and given by: 
/ !R :D b (^) -4 D b (^) 

Jt h4 R/!(.#®^n.^ft). 

The next result is an easy consequence of the properties of gr R . 
Lemma 2.14. For any J/ S D h (3$ x ), the isomorphisms gr h (f ^ h (^)) — 
IS&hW)) and ^h(LJ^)) - W in D b (^ y ). 

Lemma 2.15 ([10,, Lemma 4.17). For any G D b oh (i^), i/ie direct image 
/ + h {-^) is cohomologically complete. 

Theorem 2.16 ([10], Theorem 4.18). issme that Jl e D b d (^>£) and i/wrf / 
is proper when restricted to the support of Ji . Then, f h {^) S D b d (^y). 

The /-characteristic variety of a coherent £^-module. For the reader's 
convenience let us recall the definition of the /-characteristic variety of coherent 
i^x-rnodules, following [14] . 

Let S be an analytic manifold. A relative analytic manifold over S is an 
analytic manifold X endowed with a surjective analytic submersion e : X -4 S. 
In this situation, the relative cotangent bundle T*X\S is defined as the cokernel 
of the injective dual map t e' : XxyT*Y — > T*X. Therefore, there is a canonical 
projection p : T* X -4 T*X\S. 

The ring of relative differential operators, denoted by S>x\Si is the subring of 
Mbm c {ffxi @x) generated by the derivatives along vertical holomorphic vec- 
tors fields and multiplication with holomorphic functions. Since the ring &>x\s 
is filtered by the order, one uses the usual techniques to define the characteris- 
tic variety of Ji G Mod co h(^x|s)- One denotes it by charx|s(-#). Recall that 
charx|s(-^) is a conic analytic subset of T*X\S. We refer to [T3] for further 
details on relative ^-modules. 

Consider now the case of an analytic submersion / : X -4 Y and the associ- 
ated exact sequence of vector bundles on X: 

-4 X x Y T*Y -4 T*X -4 T*X\Y -4 0. 

The /-characteristic variety char f (^#) of with respect to / is the subset 
of T*X which coincides on T*U with tp^ 1 char^ y(Jz?) for any open subset U 
and any coherent S?[/|y-submodule _S? of ^#|(7 which generates Ji\u as a 5^-- 
modulc. 

More generally, consider a morphism f : X —¥ Y, not necessarily smooth, 
and the associated graph factorization X A X x Y A Y. One defines the /- 
characteristic variety of ./# € Mod co h(^x) as char/(^) = t i'i~ 1 char g (i, (./#)). 
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These two definitions are compatible, that is, they coincide in the case of 
smooth morphisms. Moreover, the definition extend as usual to the derived cate- 
gory: for an object Jl e D^ oh (^x) one sets char/(^) = U - gZ char/( t ^f ,J '(^)). 

Recall also that chary is a closed conic analytic subvariety of T*X which 
satisfies the following essential formula: 

SS^I^JT) c chary pr). (2.1) 

The object char ax is the usual characteristic variety of denoted simply by 
char(„#), and in such case the inclusion (|2.ip gives the well-known estimative: 
SS(Sol(./#)) C char(^#). Note that Sol denotes the solutions functor in the 
^-module framework, whose counterpart in the ^-modules framework is the 
functor Sol/i studied in pQ: 

Sol R : D^ oh (^)°P -> D b (C|), M ^ RjeomgKiJt, X \ 

Definition 2.17. The /-characteristic variety of j$ S ^coh(^x) 1S a subset of 
the cotangent bundle T*X denoted by char/ i ? i (^#) and given by char/^(^#) := 
char/ (gr ft (.#)). 

For any j$ e ^cohi^x)' cnar ax,ft(*^) coincides with the characteristic va- 
riety of denoted by char^(^#). 

Recall that ^# e Dj? oh (^^) is said to be holonomic if gr^(^#) is holonomic 
in the ^-modules sense, that is, if charfi(^#) = char(gr s (^)) is a lagrangian 
subvariety of T*X . 

L 

Lemma 2.18. For any Jt £ D^ oh (& x ), we have SS(^#® @ft Jf h ) C char/^(^). 

L 

Proof. The object ^®mn is cohomologically complete by Lemma [2T9l Hence, 

J 'x 

L L 

SS^^tgign Jffr) = SS(gr ri (^#)® s , x .J(f). Therefore, the result is reduced to the 
estimative (|2~Tj) applied to gr ri (^#) <E D^ oh (@ x ). □ 

We remark that SS(Soln(^Q) = char?i(^#) is already proved in pQ. 

Example 2.19. Let P = E„>o P « fi " e @X> with Pn ^ 2>x, for each n > 0. 
Set Jt := S> X /S> X P. By 1, Lemma 3.5] one has char s (^) = char(.#/7uf). 
Hence, the characteristic variety of Jt coincides with the characteristic variety 
of the coherent ^-module & X /S> X P . 

2.3 /-elliptic pairs over C h : definition and motivation 

Definition 2.20. An /-elliptic pair over C h is a pair (Jt, F) with Jt S 
D coh(^x° P ). F e D r-c( C x) such that char f , h (Jt) n SS(F) C T* X X. If more- 
over Jt e Dg d (i^^ op ), then we say that (Jt,F) is a good /-elliptic pair over 
C h . We define the support of the /-elliptic pair (Jt,F) as the intersection 

supp(^#) n suppf^). 
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Proposition 2.21. Let M G Dj? oh (^f ° p ) and F G D^_ C (C X ). Then {JK,F) 
is an f -elliptic pair over C h if and only if (gr s (./#), gr h (F)) is an f -elliptic pair 
over C (in the sense of 114V - 

Proof. The functor gr^ preserves the micro-support of R-constructible sheaves 
and also the characteristic variety of coherent ^'-modules by definition. □ 

If F) is an /-elliptic pair over C h , then (D x ^#, ~D'F) is also an /-elliptic 
pair over C h , which we call the dual elliptic pair of (-#, i* 1 ). 

Let us consider the case where X is the complexification of a real analytic 
manifold M . 

Definition 2.22. We say that a coherent ^^--module .^K is an elliptic @ x - 
module if (^#, C| f ) is an elliptic pair over C r ' and we say that an operator 
P G 3$ x is an elliptic operator if @ X /@ X P is an elliptic ^-module. 

In other words, M G Mod coh (^|) is elliptic if char^(.^) n T^X C T X X 
and, by Example 12.191 we deduce that P G S x 1S elliptic if and only if its h- 
independent component Pq is an elliptic operator in the classical sense. Denoting 
by cr(Po) the principal symbol of Pq and taking on T* X a system of holomorphic 
coordinates (x;rf), Pq being elliptic means that o-(Pq)((x; irj)) ^ for r\ ^ 0. 

Take, for example, X = C™, M = M™ and denote by A the Laplace operator. 
Then, P = A + HP' is elliptic for any P' G 9 X . 

The meaning of elliptic pairs on the real analytic setting illustrates why one 
can regard the theory of elliptic pairs (over C") as a natural generalization of 
the theory of elliptic systems on real analytic manifolds. We shall return to this 
particular setting in the last section of the paper. 



3 Theorems on elliptic pairs over C h 

In this section / : X — > Y denotes a morphism of complex analytic manifolds 
of dimensions dx and dy , respectively. 



3.1 Regularity theorems 
General regularity theorem. 

Theorem 3.1. Let F) be an elliptic pair over C h . Then, the natural 
morphism below is an isomorphism in D b (C^-): 

Fgw (J(® @ n Jeh) ->• R^oto cR (B' R F, jK®yn J^n) (3.1) 

XX XXX 

Proof. The morphism (|3.ip is induced by the isomorphism F ~ D' R D' n F and 
by the canonical morphism: 

L L L 
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L 

Recall that we have SS(^#<g)^ R Jifn) C char/^(^#) by Lemma [2. 181 On the 

other hand, DL h F has R-constructible cohomology groups and SS(D' R F) = 

SS(F) a , where a denotes the opposite map on T*X. Hence, the transversality 
condition on the /-elliptic pair (^, F) implies that 

SS(^f!v X h ) n SS(D' F) a c T* X X. 

The conclusion follows by [6l Proposition 5.4.14]. □ 

Remark 3.2. We can rewrite the isomorphism (|3.1|) in terms of left 
modules, i.e., assuming that (^#, F) is an /-elliptic pair, with ^ being a left 
^-module; we have in D b (C^): 

L 

RJifom^n D CK F<g) C R Jtn) RJfom S) R(^',RJ^om c ^(F,Jff l )). 

Regularity theorems in the formal extension case. We want to refine 
the regularity property in the cases where F (resp. are formal extensions of 
objects in Dj|_ c (Cx) (resp. D b oh (£^))- Let us start with some auxiliar results. 

Lemma 3.3. Let F,G S Mod(Cx). There is a natural morphism in Mod(C^-): 

F®G h ^(F®G) h , (3.2) 

Proof. The morphism is defined by the projective system of morphisms 

F ® G h -> F ® (G g> (C fi /ft" +1 C fi )) 
(F®G)«)(C ft /fi" +1 C ft ). 

□ 



Lemma 3.4. Let F, G G D b (Cjf). T/iera i/iere is a natural bifunctorial mor- 



phism in D b (C^): 



F ® G ->■ (F ® G) . (3.3) 



Proof, (i) First, fix F G Mod(Cx) and consider the two functors from Mod(Cx) 
to Mod(C^): fli: G F ® G s and 2 : G i-> {F®G) h . By LemmaO there 
is a morphism of functors u: 0\ ^ 62- Since both functors are left exact, this 
morphism u extends to the derived functors and we get the morphism (|3.3j) for 
a fixed F e Mod R _ c (C x ). 

(ii) Now let us fix G € D b (Cx) and consider the two functors from Mod(Cx) to 
D b (C^): Ai : F i-> F<S>G Rh and A 2 : F h-> (F(g)G) Rft . By (i) there exists a mor- 
phism of functors w: Ai — > A2. Both functors extend naturally to the category 
of bounded complexes C b (Mod(Cx)) and send complexes quasi- isomorphic to 
zero to objects isomorphic to zero in D b (C^). Hence, both functors extend to 
D h (Cx) as well as the morphism of functors v. □ 
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Lemma 3.5. For F,G £ D h (Cx), we have a commutative diagram in D b (C^) 



D'F <g> G Rh 



(D'F <g> G) 



(3.4) 



RJtfom (F,G) Rh , 

such that the morphism in the horizontal arrow is the one given by Lemma \3.4\ 

Proof. The oblique arrow is the composition of two canonical morphisms: 

RJtfom (F, C) ® G Rh -> RJfom (F, G Rh ) ^ RJTom (F, G) Rh . 

The vertical arrow is defined by applying the functor ( • ) Rh to the canonical 
morphism RJfbm (F, C) ® G — > RJ^om (F, G). The commutativity of the dia- 
gram is obvious. □ 

Remark 3.6. Assuming that G £ Mod(£^-) in Lemma 13.31 then the mor- 
phism (j3~2|) is ^-linear. Similarly, if G £ D b (^-), then the morphism ([3~3)l is 
a morphism in D b (£^) and the diagram in Lemma 13.51 is a commutative dia- 
gram in D b (£^-). In particular, we shall use in the sequel the following canonical 
morphism in D b (^f), for F £ D h (C x ) : 



(3.5) 



Theorem 3.7. Let F G D b l _ c (Cx) and suppose that (.#, F ) is an f -elliptic 
pair overC h . Then there is a commutative diagram of isomorphisms in D b (C^-): 



d' F R ® r(l j^) 




,(D'F<g> X) Rh ) (3.6) 



RJfom ^ RjTom (F, JT ) Hri ) . 

Proof. First note that we obtain the diagram (13.6[) by applying the functor 
RJfom g,h (^#, • ) to the commutative diagram provided by Lemma 



D'F <g> Jff n ■ 



(D'F® JT) 



BJH 



RjTom (F, X) 



We also use the fact that D' h F h ®„ h is isomorphic to D'F ® 
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Note that the oblique arrow is an isomorphism since it is the composition of 
two canonical isomorphisms: 

RJfom^n (J(, D' R F h ® C K RJfom^n (Jg , RJtfom c n {F h , Jtf h )) 

XXX x X 

Rjfom OJ K x {Jt, RJfom (F, ,X n ) nh ) , 

The hrst one results from applying the regularity theorem 13.11 to the /-elliptic 
pair F h ) (see also Remark 13. 2[) and the second isomorphism results from 
Lemma 12.41 

The vertical arrow is also an isomorphism in D b (C^-). Indeed, the objects on 
both sides of the vertical arrow are cohomologically complete by Propositions ll.5l 
and 11.81 Hence, since gr^ is conservative on cohomologically complete objects, 
it is enough to prove that the canonical morphism below is an isomorphism: 

Rjeom &x (gT h (^),D'F <»J(r) ^R^om @x (gr ft (^),Rjrom(F,jr)). (3.7) 

In fact, (gi h (^), F) is an /-elliptic pair over C and the morphism (|2.18|) is pre- 
cisely the regularity isomorphism for elliptic pairs over C applied to (gr^(^#), F) 
(cf. QJ Theorem 2.15]). 

We have proved that the oblique and vertical arrows in diagram (I3.6P are 
isomorphisms. The commutativity of the diagram allow us to conclude that the 
horizontal arrow is also an isomorphism. □ 



Theorem 13.71 together with Lemmas 11.91 and 12.81 gives the next corollary. 
Corollary 3.8. Let {^g,F) be an f -elliptic pair over C. Then, i c M n ,F h ) is 



an f -elliptic pair over C h and there are canonical isomorphisms in D hfrr 



~ RJfom &x (^,RJfom Cx (F,X)) Rh . 

3.2 Finiteness theorem 

Theorem 3.9. Let (»<#, F) be a good f -elliptic pair over <C h and suppose that 

L 

f is proper when restricted to the support of (./#, F). Then, f t h (^® c n F) is 
an object o/D^ d (^). 

Proof. One can replace in Theorem 12.101 the coherency property with the good- 
ness property, thus, in view of that theorem it suffices to prove that: 

L 

(i) /, h (F® ch Jg) is cohomologically complete; 

(ii) gr ft (/, h {F® ch Jt)) belongs to D h gd (^). 
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Set _Sf :=(F® cR J£jj. The regularity theorem lXTI vields the isomorphism: 

Therefore, 5£ is cohomologically complete in view of Proposition ! 1 . 5l and Lemma l2~i?l 

L 

Moreover, / h (F® ch = R/i(Jzf) is also cohomologically complete by Propo- 
sition [TT6l since R/* and R/i coincide under the properness hypothesis. 

On the other hand, note that (gr fi (.-#), gi h (F)) is an /-elliptic pair over 
C that satisfies the conditions of the finiteness theorem for elliptic pairs over 

C. Hence, gr ft (/, ft (F® c « M)) ~ /,(g%(F) g> gr fc (^)) is an object of D b d (^y) 
by [H Theorem 4.2]. * □ 



3.3 Duality theorem 

Assumption 3.10. The remaining results of this section are obtained assuming 
that / : X — > Y is a smooth morphism of complex manifolds. 

Proposition 3.11. Iff:X-tYis smooth, then f^ 1 ^ ~ (/ _1 ^y) fe . 

Proof. This is a particular case of Proposition 11.121 choosing for B the family of 
compact Stein subsets of Y. □ 

In the non-smooth case, the rings and (f~ 1 2>Y) h are not necessarily 

isomorphic. 

Example 3.12. Let X be the complexihcation of a real analytic manifold M 
and consider the natural embedding i : M X. Given an open subset V of M, 
a section Q £ r(V; i -1 S? x ) can be regarded as a formal series Q = Qn\vh n , 
with Q n £ r(J7; 5?x), for some open subset U oi X such that 1/nM = V. On 
the other hand, a section R £ T(V; (i~ 1 2>x) h ) can be regarded as a formal series 
R = J2 Rn\vh n , with i?„ £ r(Z7 n ; £Fx), for some family (C/ n )„>o of open subsets 
of X such that [/„ (~l M = V, for each n > 0. Hence, the canonical morphism 
i^ 1 ^^ ~ (i~ 1 5?x)' i is a monomorphism which is not epimorphism. 



The trace morphism in the /i-setting. If ^# is a right {&x, i^x)-bimodulc, 
its direct image as a bimodule is the object in the derived category D b (5?°/ <E> 
9 Y V ) defined by: 

Sjjt) :=R/.((^® @x Jr)^ x jr). 

L 

In particular fix®^ ^x is a right (iFx, ^x)-bimodule and one has the so-called 
differential trace morphism in D b (iFy P ® ^y P ): 

tr/ : ^(OxMx] 2x) -»• Hy[dy] Sy. (3.8) 
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Similarly, we define the direct image of a right (S? x , ^ x )-bimodule as the 
object in D b (£^° p (g> c „ £^° P ) given by: 

Our purpose in this subsection is to construct a version of the trace morphism 
in the fi-framework. 

Suppose that J% is an i^x-module and denote by Qx the sheaf of holomor- 
phic vector fields on X . In order to define a structure of ^x-module on ^# it 
is enough to define an action of Ox on ^ that is compatible with the action of 
&x- See, for example, [5j Lemma 1.7] for details. Although we don't have the 
analogous of such result in the ^setting, we have the following adaptation: 

Lemma 3.13. Let ^# 6 Mod(C^) be an h-complete object and assume that 
there is a well-defined structure of & 'x -module on jtft '. Then, there is a well- 
defined structure of < 2>\ -module on jfa ' . 

Proof. Let U be an open subset of X, £ P n h n E T(U; ® x ) and u E T(U; J?). 
For each n, u n :—P n -u is a well-defined section in T(U; . On the other hand, 
by the ^-completeness of ./#, J2 n u n^ n is also a well-defined section of T(U ; ^#). 
Hence, the action of & x is naturally defined by P n h n ) ■ u = ^ n u n h n . □ 

Lemma 3.14. The object X has a natural structure of '{& x , f' 1 Jy° P )- 

bimodule and it is isomorphic to X% as a bimodule. 

Proof. Since Xn is coherent over & x one has an isomorphism in Mod co h(^x) : 

&x ®® x ^ ^ X h . (3.9) 

Moreover, the object 3> x ®@ x X in the left hand side has a natural structure 
of right / _1 i^ -module by Lemma \3. 131 Indeed, it is a right /^.SV- module 
and it is an fi,-complete C x -algebra. Moreover, the action of is naturally 

compatible with the action of @ x and with the isomorphism (|3.9[) , thus (|3.9[) is 
an isomor phism of {9 X , /- 1 ^° P )-bimodules. □ 

Lemma 3.15. There is a canonical morphism: 

x n ® ffx x A {x ® ffx xf, 

that preserves the structure of left S> x -module and the structure of right f _1 ^Y~ 
bimodule of the objects on both sides of the morphism. 

Proof. Considering the natural morphisms Xh — > X ® Cx C x / h n C x , we obtain 
canonical morphisms: 

x h ® ex x % [X ® c h x /h n c x ) ® &x x 
- (Jf ®e x -X) ® c x /n n c x 

We get the morphism q by the universal property of projective limits. It is 
obvious that such morphism preserves the algebraic structures involved, since 
each q n preserves such structures. □ 
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Proposition 3.16. The morphism f induces a differential trace morphism in 
the derived category D b (^° P ® CH ^° P ): 

tr /)ft : / (Q x [dx} ®& x @ x ) "> *M*r] «W 

Proof. We have the following chain of isomorphisms preserving the algebraic 
structures involved: 

L 

~ (Q x [d x ] ®e x <%h)® S h-%k 

L 

L 

~ fix [dx] 55^0-^ ®ff x J?)- 

The first isomorphism results from the associativity of the tensor products, 
having in mind the canonical structure of right £^ x -module of fixMx] ®e x 
cf. Remark 12.51 The second isomorphism follows from Lemma \3. 141 The third 
isomorphism follows from the isomorphism in [141 Lemma 2.1]. 

By Lemma r3.15l there is a morphism & — ► {>% ' ®e x ■-^) h - Moreover, 

there is also a canonical morphism (jfT ® ffx J(f) n ~ r-°((J^ ®e x J^) Rh ) — > 
(J^® ffx J^) Rh , r—° being the usual truncated functor for objects in the derived 
category. Hence, we obtain a morphism: 

n x [d x ]® OJx {,jtr h ® ffx jt) -> n x [d x ]® OJx (j(r ® ffx jr) m \ 

Finally, we have the chain of isomorphisms below: 

n x [d x ]®^ x (jr ® &x Jf) m 
~ BJeom 9x (fix, (Jtr ® ffx 

~ mrom 9x (0x, (x ® f -i ffY r 1 ^))™ 

=i mx[d x \ ® ffx 9 X )® OJx x)® CJx xt n . 

We have constructed so far a morphism in D b (/ _1 f^y ® cfi f~ x $y)'- 

((Slx[dx] ®e x ® x )®® x ^h)®®n x Xh -> (((n x [d x ] ® ex @ x )® S)x jf)® S!x ,je) Rh . 

Thus, applying the functor R/i, Lemma 11.31 and the trace morphism for 
modules, we obtain morphisms in D b (^y ® ch Sly)'- 

lJV x [d x ] ® ex 9 h x ) RMmx[d x ] ® ex ® x )®y x X)®, Jx Xf h ) 

fJ^x\dx\® Gx 9xf h 

-> (fiy^y]^ ^) Rfi . 
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The conclusion follows from the fact that i7y[dy] ®@ Y & Y is a coherent 
i2V-module, which yields: 

(n Y [d Y ] ® &Y ® Y ) Kh =s n Y [d Y ] ® 0Y 9 Y 

□ 

Remark 3.17. Consider the absolute case / = ax '■ X — > {pt}. In this case 
one has — G x and we get the following isomorphisms in D b (C ?l ): 

a^ ir ip,x[dx]®ff x S>x) - Rax\{ttx[dx]® 9x @x) 

~ Ra x ,(C x [2dx}) 

~ Rr c (X;C*[2d*])~Rr c (X ;c 4). 

Thus, the trace morphism ti ax ,h coincides with the integration morphism in- 
duced by the adjunction morphism Kax)0,'x ~^ id: 

/ :RT c (X,iu^)^C h . (3.10) 
J x 



The duality morphism. 



Proposition 3.18. For each Ji e D b (3>% l ) th ere is a canonical morphism in 
D b (^° p ): 

/ u (D fi ,x^) ^Vh,y(L.,H^- (3-11) 
Proof. First note that there is a basis change morphism in D b (£^y° p ): 
/^(Da.xMO) ^ Rf<(RJ^om n (^,n x [dx} ® 0X Jtk)) 

The duality morphism (|3 . 1 1[) is obtained as the composition of the above mor- 
phism with the morphism induced by the trace morphism constructed in Propo- 
sition Gnu □ 

Corollary 3.19. For J( £ D b (^° P ) and F £ D b (C^) 7 there is a canonical 
morphism in D h (2# Y ° P ) : 

4 ft (Dc» F 4*^,xM0) -+ ^ALJ f Ky^))- ( 3 - 12 ) 

Proof. We have a canonical morphism in D b (.S^- op ): 

D' ■ F® ch D n>x (^T) -> D ft x (F| c n JV). (3.13) 
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The S^-module structures are induced by Jl ' . 

The morphism (|3 . 12[) is then obtained as the composition: 

LJ B 'c- x F ^c^n,x(^)) -> / w (Dft,x(^«^)) 

-> D fi)y (/ !f .(F® c ,^)). 

The first arrow is induced by (|3.13p and the second one results from the duality 
morphism ([XTT]) applied to the object F® c n € D b (^° p ). □ 

Duality theorem. 

Theorem 3.20. Let (^#, F) be a good f -elliptic pair over C h and suppose 
that f is proper when restricted to the support of {^£,F). Then, the canonical 
morphism 

/, jp' c n x F® chx V h , x {JZ)) ^B KY (l u h (F® chx JC)) (3.14) 
is an isomorphism in Dg d (£^y° P ). 

Proof. Set Jg-i = /, ih (D' Cx F® c n x D H>x (^)) and „Sf 2 = D ft , y {^{F®^)). 

The /-elliptic pair F) verifies the conditions of the finiteness theorem l3.9l 
and it is easy to check that the dual elliptic pair (D ri x ^t D' ch F) also verifies 
the same conditions. This allow us to conclude that both Jz?i and J?? 2 are objects 
of Dg d (£Fy° p ). Hence, by the conservativity of the graded functor on coherent 
objects, it suffices to check that the induced morphism gr ri (Jz?i) — > gr ri (Jz? 2 ) is 
an isomorphism in Dg d (£^y P ). 

One has the isomorphisms: 

gr„(j2fi) a l,(D' Cx gr h (F) ® D x (gr fi (^))) 
gr R (^? 2 ) ~ D y (/,(gr fi (F) ® Cx gr, (..#))) 

and, by the construction done, the morphism gr h {J^i) — > gr h (J£ 2 ) is precisely the 
duality morphism for elliptic pairs over C applied to the pair (gr^(„#), gv h (F)). 
Since (gr s ^ , gr h F) is an /-elliptic pair over C that satisfies the conditions of 
the duality theorem of [2] (see [21 Theorem 5.15]), we conclude that gr^J^fi) — > 
gr s (Jzf 2 ) is an isomorphism in Dg d (5?y° p ). □ 

4 Examples and applications 

4.1 Finiteness and duality for f^-modules 

For each G D ] ^ oh (& x ° p ), the pair (^#, C x ) form an /-elliptic pair over 
since SS(C^) = T X X. Applying Theorems 13.91 and 13.201 in this particular case, 
we obtain properties of finiteness and duality (in the smooth case) for @ x - 
modules: 
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Corollary 4.1. Assume that ^ £ Dg d (^^° p ) and that f is proper when re- 
stricted to supp(^#). Then, the objects f R (D^ X ^) andD h Y {f , ft (-<#)) belong 

to D^ d (S> Y ° P ). Assume in addition that f is smooth. Then, there is an isomor- 
phism in D^ d (@ Y ° P ): 

4.2 Finiteness and duality for ^-modules 

Since the ring G\ satisfies hypothesis (1-2.2) and (1.3.1) of jS], all the machinery 
developed in loc. cit. to study deformation-quantization algebras also apply to 
the study of ^--modules. 

Recall that Gauert's direct image theorem ([2]), states that if / is proper 
when restricted to the support of & € D^ oh (G x ), then the direct image R/*(^") 
is an object of D^ oh (G Y ). 

We can generalize Grauert's theorem to the H- framework. Such generaliza- 
tion follows from the classical case and from the coherence criteria [8j Theo- 
rem 1.6.4]. We omit further details, since the proof goes like the one of Theo- 
rem OSS 

Theorem 4.2. Let 3? g D^ oh {G x ) and assume that f is proper when restricted 
to supp(^). Then Rf\(&) is an object of D* oh {0 Y ). 

Recall also the classical results of [T2] regarding the relative duality theorem 
for ^x-modules: first, Ramis-Ruget-Verdier construct a relative trace morphism 
in the derived category Dj? oh (<^V); then, the trace morphism and Grauert's 
theorem are used to construct a morphism 

Rf, (RJfom ffx (JT, Q x [d X ]))-> R^om &y (R/i {&) , tt Y [d Y }), 

for any & 6 Dj? oh (^x), and to prove that it is an isomorphism if / is proper on 
supp(^). 

Assume that one has f~ 1 & x (f 1 ^'x) h - Under such hypothesis, the 
trace morphism extends to the h- framework using Lemma ll.3l 

Rm h x [d x }) -> Rf ] (n x [d x ]) Rh n Y [d Y f h * n Y [d Y }. (4.1) 

Therefore, there is a canonical morphism in D (0 Y ) 

Rf,{RJ^om e n{,^M x [dx]) -> RJ?om e n(Rf*(^),n Y [d Y }), (4.2) 
that results from the canonical morphism 

Rf*(Rjeom e n(&,n h x [d x ])) Rjforo (R/, (&),Rfi (Q x [d x ])) 
and from (14.11) . 

Hence we have the counterpart of the relative duality theorem of [12] in the 
fi,-framcwork. 
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Theorem 4.3. Suppose that f^ x Y {f~ 1 0Y) h and that f is proper when 
restricted to supp(^"). Then (|4.2|) is an isomorphism for each J? € D^ oh (^? x ) . 

To prove this result one uses the conservativity of gr^ on cohomologically 
complete objects. We omit again the details of the proof since it repeats argu- 
ments already employed. 

Note that Theorem 14.31 holds in the smooth case: 

Proposition 4.4. If f : X — > Y is a smooth morphism of complex manifolds, 
then f- X #x ^ (f- 1 ^x) n . 

Proof. This is a particular case of Proposition II .121 choosing B as the family of 
open Stein subsets of Y. □ 

Comments 4.5. As Schapira-Schneiders remark in [T3], Grauert's theorem and 
the relative duality theorem for ^x-modules are both recovered as particular 
cases of their finiteness and duality results applied for elliptic pairs of the form 
®ff x ®x,Cx), & being a coherent i^x-niodule. This is a consequence of 
the following two properties: 

(i) an ^f-module & is coherent over &x if and only if & ' ®g x @x is coherent 
over @x] 

(ii) for any J? E D h (0 x ) one has /,(JT ® &x @ x ) R/,(JT) g,^ @ Y . 

Note that for a given & e D* oh (0 x ), the pair ® &h @ x > C x) is an /" 
elliptic pair over C h . Moreover, we have the counterpart of (i) in the ^.-setting: 

(i') a cohomologically complete ^--module & is coherent over G x if and only 
if & ®e x ^x 1S coherent over @ x . 

However, since ( • ) n doesn't behave in a nice way under inverse images or tensor 
products, the relation between / (^<8) & n @ x ) anc ^ R.fl{-^)®0* is not clear. 
In other words, it is not obvious in what conditions Theorems 13.91 and 13.201 ap- 
plied to /-elliptic pairs of the form (J? ' ® &h @ X ,C X ) give Theorems and Ol 
We remark, however, that this is true if / = ax is the constant map. 

Remark 4.6. Recall that G x is the natural local model of the deformation- 
quantization algebras s# x studied in [5] . Therefore, Theorems 14.21 and 14.31 are 
closely related to the finiteness and duality results for kernels of ^/x-modules 
proved in loc.cit.. More precisely, the case f — ax is contained in Corollar- 
ies 3.2.3 and 3.3.4 of loc.cit.. 

4.3 The absolute case: global solutions of i^-modules 

From now on we shall consider the absolute case / = ax ■ X — > {pt}. If we 
rewrite the morphism of Corollary 13 . 1 91 for / = ax and for left £F^-modules, we 
get, for each pair (^#, F), the morphism below in D b (C fi ): 

RT c {X-n h x [dx}®^J^® c n F) -> {RT c {X-R^fom @h (^,RJfom cS (F, ^f))))*.(4.3) 
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Note that the morphism (|4.3p is induced by the integration morphism (|3.10[) . 

Moreover, as a particular case of Theorems 13.91 and 13.201 we obtain the fol- 
lowing corollary: 

Corollary 4.7. Let {Jt , F) be a good elliptic pair over C h with compact support. 
Then, the complexes 

RT C (X; Sl h x [dx]® @ HJZ® C H x F) 

RT C (X; RJfom^H {Jt, RJfom c n {F, <?£))) 

have finitely generated cohomology over C h and the morphism (|4.3I) is an iso- 
morphism in this case. 

One can regard the complex RJfom^n {Jt ,TL7fom C h (F, G x f) as the com- 
plex of solutions of Jt on the generalized sheaf of formal power series of holo- 
morphic functions associated to F . In the last subsection we give an application 
in a case where the sheaf F is not the constant sheaf . 

Recall that in [I] the authors prove the constructibility of the complex 
SohiOf) = RJfom^n {Jt, when Jt is an holonomic S^-module (cf. [TJ 

Theorem 3.13]). Applying Corollary 14.71 to elliptic pairs of the form {Jt,C x ), 
we also obtain a result concerning the solutions functor Sol^: 

Corollary 4.8. Let Jt be a good 2# x -module with compact support. Then, 

L , . 

RT C (X; Qx[dx]<&@ x Jt) -> RT C {X; So\ h {Jt)) is an isomorphism in Dj{C h ). 

The next example illustrates Corollary 14.81 and is based on a formula due to 
M. Kashiwara (cf. [1, Example 8.5]). 

Example 4.9. Consider X = C, P = x - hd x and Jt = @ X /@ X P. Note that 
supp{ Jt) = {0}. One knows that Jt ~ St^/St^x. Hence, standard computa- 
tions lead us to the following quasi-isomorphisms: 

Rr(C; So\ h {Jt)) ~ RT(C; n%[i]® mh jt) ~ c h . 

Remark 4.10. For each F e D^_ C (C^-), the pair {0 X ,F) is an elliptic pair over 
C h , since chaTn{ff x ) — T X X. Moreover, Corollary 14.71 applied to elliptic pairs 
of this form gives a well-known finiteness and duality result for R-constructible 
sheaves of C R -modules. 

A refinement in the holonomic case. 

Lemma 4.11. (a) For F € D b (C^) and V an open subset of X , one has 
RT(V:D Cx F)~(RT c (V;F)y. 
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(b) If F G D^_ c (Cx) and V is a relatively compact open subanalytic subset of X , 
then both Rr(V r ;D c n F) and KT C (V;F) have finitely generated cohomology 
over C h and the isomorphism in (a) holds in D^(C ri ). 

Proof. The isomorphism in (a) follows from formula [6j (3.1.8)] with A = C h . 
The finiteness property in (b) is a consequence of [6j Corollary 8.4.11]. □ 

Given ^ G D[j ol (S^), we can apply Lemma 14.111 with F replaced by 
SolftOT): 

Proposition 4.12. Let j£ G D|j ol (^^) and V be a relatively compact open 
subanalytic subset of X . Then, RT C (V; So\n(^) is an object in Dj(C s ) and, 

h f (C h ): 



moreover, there is an isomorphism in D b 



RT(y;n h x [d x }® n JZ) ~ (Rr c (y ; Soi ft (^)))*. 

Proof. This is a direct application of Lemma 14.111 using also the isomorphism: 

R L 

D C ft Solft(^) ~ n\[dx\® & n^ , 
which follows from [1] Theorem 3.15]. □ 
Let us illustrate Proposition 14. 121 with some examples: 

Example 4.13. Consider X = C, P = xd x — Xh, X G C*, and M = 9%/@%P. 
Let V be an open simply connected subset of C. In this situation, we have 
RT(V; SolftOf)) ~ C R [-1] if £V, and RT(V; Sol ft (^#)) ~ C otherwise. Let 
us give some details of the computations. 

First note that an equation of the form Pu = g is equivalent to the following 
infinite system of linear holomorphic differential equations: 

xd x u = g Q , - 4 4 > 

xd x u n - Au„_i = g n , n>l. 

If ^ V, then the solutions of the homogeneous equation Pu = are given 
recursively by 

u n = 2_^ a n-jX J r ] — rv, a , . . . , a n G <L. 

3=0 J ' 

Hence, each solution is determined by the family of constants (a n ) n >o and we get 
Ker(P) ~ C h . On the other hand, Coker(P) = since, recursively, the Cauchy 
theorem guarantees that, for each n > 0, there is a solution u n G r(V; 6x) of 
the nth-equation and then the formal series u — '}2 n u n h n G r(V; &\) solves 
Pu = g. 

If G V, it is obvious that Ker(P) = 0. On the other hand, Coker(P) ~ C. 
Indeed, there is a solution of the nth-equation of (j4.4[) if and only if we have 
50(0) ^ 0. Moreover / = £/ n 7i™ G T(V;0*) and g = J2g n h n G T{V;0*) 
determine the same element in Coker(P) if and only if /o(0) = go (0), and the 
conclusion follows. 
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Example 4.14. Consider X = C, P = x 2 d x + XH, A G C*, and Jt = 
*3l\l%l\P. Let V be an open simply connected subset of C. Then, we have 
RT(V; SolfiOf)) ~ C h [-1] if g V, and RT(V; Sol ft (^)) ~ C 2 otherwise. We 
omit the computations, since they are similar to those of Example 14.131 Let us 
just remark that in the case £ V, the solutions u = (u n )n>o S r(V; &x) of 
Pu = are recursively given by: 

" \ j 
u n = a„ ,——//''. a ,. .. ,a n G C. 

Example 4.15. Consider X = C 2 , P = (x-XK)d y , with A G C, = ®\j9\P 
and let be an open subset of X. The finiteness property doesn't hold in 

this non-holonomic case. Indeed, the kernel of r(V; 6^ r(V; G^i) consists 
on holomorphic functions which don't depend on y, thus it is isomorphic to 
T{V-^). 

4.4 Hyperfunctions with ^-parameter 

Let X be the complexification of a real analytic manifold M and let s^m :=Cm ® 
&x denote the sheaf of real analytic functions on M. In the fi-framework we 
can consider two distinct sheaves of real analytic manifolds with ^.-parameter, 
denoted by s&m,K and s/^: 

^m.h := C M ® c n x e\ ~ C M ® G\, 

One has the isomorphism siK ~ smce -^M verifies the hypothesis of 

Proposition 11.21 taking for B the family of all open subsets of M. Hence, both 
£?M,H and are concentrated in degree and we can identify them to usual 
sheaves. 

Similarly to Example 13. 12| one concludes that there is a natural monomor- 
pism s^M,h ^ m Mod(S^) which is not an epimorphism. Moreover, we 
remark that this morphism is a particular case of the morphism constructed in 
Lemma 13.41 

Let us also consider the c-soft sheaf of hyperfunctions on M, defined by 
S§m = RJ$?om Cx (Cm, The formal extension of 3$m verifies the following 
isomorphisms: 

3$$ ~ m n M = (RJfom (D'C M ,fe)) fi 
~ Rifom(D'CM^I), 
~ RJifom c b (D^ C%,@%). 

Let us remark that 3@m is ?i-acyclic by Proposition 11.21 and by the fact that 
c-soft objects are T(K; _)-injective, for any compact K C X. We say that SS\i 
is the sheaf of hyperfunctions on M with ^-parameter. 
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As a particular case of Lcmma [3.51 we get the following commutative diagram 
of morphisms in Mod(@ x ): 




Let ^# be a coherent .S^-module. Recall that we say that ^# is elliptic on 
M if Clj) is an elliptic pair over C h , cf. Dchnition l2.22l Applying our main 
results to elliptic pairs of the form (./#, C| f ), we obtain the following regularity, 
finiteness and duality property for elliptic ^^-modules. 

Corollary 4.16. Let J% be an elliptic £) x -module on M . 

(a) There is a commutative diagram of isomorphisms in D b (C^): 



. L 

(b) If M is compact and J( £ D^ d (S x ), then Rr(M; fi^gw Jt) is the dual 
ofHr(M;RJ^om 9 K L4(, £M M ft )) and both objects belong to D h JC n ). 

M ■* 
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